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Abstract
This paper investigates the eect of thermal relaxation time (the non-Fourier eect) on the thermal performance of a
convective fin under periodic thermal conditions. The environment heat transfer coecient is assumed to be spatially
varying. The periodic oscillation of the base temperature is considered. An ecient numerical scheme involving the
hybrid application of the Laplace transform and control volume methods in conjunction with hyperbolic shape
functions is used to solve the linear hyperbolic heat conduction equation. The thermal performance of the fin predicted
by using the non-Fourier heat conduction model is compared with that predicted by using the Fourier model. Results
show that the eects of the thermal relaxation time on the fin performance are significant for a short time after the
initial transient. For the steady state, the non-Fourier eect is still great if the frequency of the temperature oscillation is
high. Ó 1998 Elsevier Science Inc. All rights reserved.
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1. Introduction
In many industrial applications such as combustion engines, electronic components and solar
collectors, the analysis of fin performance under periodic thermal conditions is important. Several
analytical and numerical methods [1–4] have been proposed to solve such problems. Yang [1]
obtained exact analytical solution for periodic heat transfer in convective fins. Eslinger and
Chung [2] presented a finite-element solution for periodic heat transfer in radiative and convective
fins. Aziz and Na [3] applied the perturbation method to solve periodic heat transfer in fins with
variable thermal properties. Al-Sanea and Mujahid [4] used the finite-volume numerical method
to study the thermal performance of fins with time-dependent boundary conditions. The Fourier
heat flux model was used to analyze the fin performance in these existing studies [1–4]. It is well
known that the results obtained from the Fourier heat flux model exhibit an infinite thermal
propagation speed. Despite this physically unrealistic notion of instantaneous energy diusion,
the Fourier heat flux model gives quite excellent approximations for most engineering applica-
tions. However, the classical heat conduction theory is no longer applicable when one is interested
in transient heat flow in an extremely short period of time or for very low temperatures near
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absolute zero. Human [5] found that the thermal propagation becomes dominant for short-pulse
laser heating. Peshkov [6] experimentally determined the propagation speed of the thermal wave
in helium II to be 19 m/s at a temperature of 1.4 K. Under these circumstances, the phenomena
involving the finite propagation speed of the thermal wave will become dominant. With advances
in microfabrication technology, the micro-heat exchanger is of interest to many engineering ap-
plications, such as the cooling of electronic chips and cryocoolers using superfluid helium II [7].
For such a situation, phenomena with the finite thermal propagation speed might be important
for the thermal analysis of the extended surface in the micro heat exchanger. The existing studies
[1–4] for the fin performance using the Fourier heat flux model would not be suitable for such
applications. To the best of the author’s knowledge, the analysis of the fin performance consid-
ering the finite thermal propagation speed has not yet been investigated in the literature.
To account for the phenomena involving the finite propagation speed of the thermal wave, the
classical Fourier heat flux model should be modified. Cattaneo [8] and Vernotte [9] suggested
independently a non-Fourier heat flux model in the form of
s
oq
ot
 q  ÿkrT ; 1
where q is the heat flux, T is the temperature, k is the thermal conductivity and s is the relaxation
time. The relaxation time s is defined as
s  a
v2
; 2
where a is the thermal diusivity and v is the propagation speed of the thermal wave. When the
relaxation time is zero, Eq. (1) is reduced to the Fourier heat flux model and the propagation
speed of the thermal wave becomes infinite. Sieniutycz [10] quoted that the s values for homo-
genous substances are of the order 10ÿ8–10ÿ12 s. Recently, Kaminski [11] determined experi-
mentally that the s values for non-homogeneous inner structure materials range from 10 (for the
glass ballotini) to 50 s (for the ion exchanger). The major diculty encountered in the analysis of
non-Fourier heat conduction problems is due to the numerical oscillations in the vicinity of the
sharp discontinuity at the thermal wave front [12]. Chen and Lin [12] have developed an ecient
numerical scheme involving the Laplace transform technique and the control volume method in
conjunction with the hyperbolic shape functions to analyze non-Fourier heat conduction prob-
lems. In the present study, this hybrid numerical scheme [12] will be employed to analyze the
eects of the relaxation time on the thermal performance of a convective fin under periodic heat
transfer conditions.
In general, the non-Fourier eect is shown to decay quickly and both the Fourier and non-
Fourier models will coincide with each other for a longer time after the initial transient [13].
However, this is not true when the heat conduction problem is subjected to an oscillatory thermal
disturbance. Yuen and Lee [14] have found that the non-Fourier eect is still significant at a ‘‘long
time’’ after the initial transient if the oscillation period of the thermal disturbance is the same
order as the thermal relaxation time. Similar phenomena can also be found in the present analysis.
In this study, eects of the relaxation time and the frequency of the base temperature oscillation
on temperature distributions, heat transfer rates and fin eciencies will be investigated.
2. Problem statement
The present study considers an isolated straight fin of uniform thickness b and length L, as
shown in Fig. 1. The ratio of the thickness b to the length L is assumed to be very small, i.e.
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b=L 1. The fin base is attached to a surface with periodically temperature oscillation which is
given as
Tbt  T b  T b ÿ Tin A cosx^t; t > 0; 3
where T b is the mean fin base temperature, Tin is the initial temperature, A is the dimensionless
amplitude of the base temperature oscillation and x^ is the frequency of the base temperature
oscillation. The amplitude A is a positive number less than unity. The fin tip is assumed to be kept
insulated. On lateral surfaces, the fin dissipates heat to an environment at a constant temperature
Te by convection only. The radiative heat transfer is assumed to be neglected. The heat transfer
coecient h is taken to be spatially varying and is expressed as
hx  h0 H xL
 
; 4
where h0 is a referenced heat transfer coecient which is defined as h0  bk=2L2 and H is a
function of the space variable. The thermal conductivity k, density q and specific heat c of the fin
are assumed to be constant. On the assumption that b=L;  1, the one-dimensional energy
equation for the convective fin shown in Fig. 1 can be written as
qc
oT
ot
 2 h
b
T ÿ Te  ÿ oqox : 5
Eliminating qx; t from Eqs. (1) and (5) yields the following hyperbolic heat conduction equation
sqc
o2T
ot2
 qc oT
ot
 2s h
b
o
ot
T ÿ Te  k o
2T
ox2
ÿ 2 h
b
T ÿ Te: 6
For the convenience of numerical analysis, following dimensionless variables are introduced
g  x
L
; n  at
L2
; b  as
L2
; h  T ÿ Tin
T b ÿ Tin
; x  x^L
a
; he  Te ÿ Tin
T b ÿ Tin
: 7
The dimensionless governing equation can be written as
b
o2h
on2
 1 bH oh
on
 o
2h
og2
ÿ Hh Hhe: 8
The dimensionless boundary conditions are
h  1 A cosxn at g  0 9a
Fig. 1. Model of the fin.
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and
oh
og
 0 at g  1: 9b
The dimensionless initial condition is
h  oh
on
 0 for n  0: 10
3. Numerical analysis
To remove the n-dependent terms, taking the Laplace transform of Eqs. (8)–(10) with respect
to the n variable gives
d2 ~h
dg2
ÿ bs2  s bHs H~h 1
s
Hhe  0; 11a
~h  1
s
 A s
s2  x2 at g  0; 11b
d~h
dg
 0 at g  1; 11c
where s is the Laplace transform parameter and ~h is the Laplace transform of the dimensionless
temperature h and is defined as
~hg; s 
Z1
0
eÿsnhg; n dn: 12
Subsequently, the control volume formulation is used to discretize Eqs. (11a) and (11b). In-
tegration of Eq. (11a) over the control volume gi ÿ ‘=2; gi  ‘=2 for the ith interior node can be
written as [12].
d~h
dg gi‘=2
ÿ d
~h
dg


giÿ‘=2
ÿ
Zgi‘=2
giÿ‘=2
bs2  s bHs H~h dg  ÿ 1
s
he
Zgi‘=2
giÿ‘=2
H dg; 13
where ‘ is the distance between two nodes.
In each control volume, the transformed temperature ~hg; s should be approximated in terms
of the nodal temperatures and suitable shape functions. As illustrated by Chen and Lin [12], the
use of the hyperbolic shape functions can accurately solve the hyperbolic heat conduction
problems. Thus, in the present study, the transformed temperatures are approximated by [12]
~hg; s  1
sinhl‘  sinhlgi ÿ g
~hiÿ1  sinhlgÿ gi  ‘~hi for g 2 gi ÿ ‘; gi 14a
and
~hg; s  1
sinhl‘  sinhlgi  ‘ÿ g
~hi  sinhlgÿ gi~hi1 for g 2 gi; gi  ‘; 14b
where l  bs2  s1=2.
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Substituting Eqs. (14a) and (14b) into Eq. (13) leads to the following algebraic equation for the
ith interior node:
di ~hiÿ1  ei ~hi  fi ~hi1  gi for i  2; 3; . . . ; nÿ 1; 15
where
di  lÿ bs 1
Zgi
giÿ‘=2
H sinhlgi ÿ g dg; 16a
ei  ÿ2l coshl‘ ÿ bs 1
Zgi
giÿ‘=2
H sinhlgÿ gi  ‘ dg
8><>:

Zgi‘=2
gi
H sinhlgi ÿ g ‘ dg
9>=>;; 16b
fi  lÿ bs 1
Zgi‘=2
gi
H sinhlgÿ gi dg; 16c
gi  ÿ sinhl‘ 1s he
Zgi‘=2
giÿ‘=2
H dg; 16d
and n is the total number of nodes.
The algebraic equation for the node at the insulated boundary g  1 can be obtained by in-
tegrating Eq. (11a) over the control volume 1ÿ ‘=2; 1 in conjunction with Eqs. (14a) and (14b)
and is given by
dn ~hnÿ1  en ~hn  gn; 17
where
dn  lÿ bs 1
Z1
1ÿ‘=2
H sinhl1ÿ g dg; 18a
en  ÿl coshl‘ ÿ bs 1
Z1
1ÿ‘=2
H sinhlgÿ 1 ‘ dg; 18b
gn  ÿ sinhl‘ 1s he
Z1
1ÿ‘=2
H dg: 18c
The dimensionless temperature distribution in the convective fin can be determined by solving
Eqs. (11b), (15) and (17). However, to analyze the fin eciency, the dimensionless heat transfer
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rate R should be determined. Once the heat transfer rate R is determined, the instantaneous fin
eciency at any specified time can be given by
E  R= hb ÿ he
Z1
0
Hg dg
24 35: 19
Eq. (19) is defined as the ratio of the actual heat transfer rate to the ideal heat transfer rate when
the entire fin surfaces are at the base temperature. It is obvious that the heat transfer rate R
cannot be readily determined by substituting the obtained temperature distribution into the non-
Fourier heat flux model, Eq. (1). Thus a further treatment is required to determine the heat
transfer rate.
Integrating Eq. (11a) over the control volume [0, ‘/2] can yield
d~h
dg ‘=2
ÿ d
~h
dg


0
ÿ
Z‘=2
0
bs2  s bHs H~h dg  ÿ 1
s
he
Z‘=2
0
H dg: 20
Introducing the dimensionless variables defined in Eq. (7) into Eq. (1) and then taking the
Laplace transform of the dimensionless form of Eq. (1), the derivative term d~h=dg

0
in Eq. (20)
can be written as
d~h
dg

0
 ÿbs 1~R: 21
Substituting Eqs. (11b), (14a), (14b) and (21) into Eq. (20) can yield
e1 ~R f1 ~h2  g1; 22
where
e1  bs 1 sinhl‘; 23a
f1  lÿ bs 1
Zl=2
0
H sinhlg dg 23b
and
g1  l coshl‘  bs 1
Z‘=2
0
H sinhl‘ÿ gdg
8<:
9=; 1s  A ss2  x2
 
ÿ sinhl‘ 1
s
he
Z‘=2
0
H dg: 23c
The arrangement of Eqs. (15), (17) and (22) yields the following vector–matrix equation:
K f ~Xg  fBg; 24
where K  is an n n tridiagonal matrix with complex numbers, f~Xg is an n 1 vector rep-
resenting the unknown transformed variables and is expressed as
f ~Xg  f~R ~h2 ~h3 . . . ~hnÿ1 ~hngT 25
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and fBg is an n 1 vector representing the forcing terms. The dimensionless heat transfer rate R
and nodal temperature hi can be determined by using the Gaussian elimination algorithm and the
numerical inversion of the Laplace transform [15].
4. Results and discussion
In the following computations, the distance between two nodes ‘  0:01 is taken. Due to the
application of the Laplace transform technique, it is not required to take time steps to determine
the unknown temperature and heat transfer rate at any specific time. For the illustration of
numerical analysis, the present study assumes that the heat transfer coecient function H is an
exponential function of the dimensionless space variable and is expressed as
Hg  exp g: 26
The value of A is taken as A 0.5. The dimensionless environment temperature is taken as
he  0:1:
Fig. 2 shows the temperature distributions for various values of b at n  0:5: It can be found
that the thermal wave travels with a longer distance for a smaller value of b. This phenomenon
can be explained by observing the definition of the thermal relaxation time as shown in Eq. (2)
which states that a smaller value of the relaxation time implies a faster propagation speed of the
thermal wave. The distance xp that the thermal wave propagates at a specific time tP can be de-
termined by
Fig. 2. Temperature distributions for various values of b (x 1 and n 0.5).
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xp 
Ztp
0
v dt  vtp; 27
where v is the propagation speed of the thermal wave and is assumed to be constant. Using
Eqs. (2), (7) and (27) can be rewritten as
gp 
np
b
p : 28
The thermal propagation speed for b  0 becomes infinity and no jump discontinuity takes place.
For the case of b  0:1, the original thermal wave has reached the fin tip and was reflected from
the insulated tip and then interacted with the new thermal wave from the base at g  0:42. For
b  1, the thermal wave arrives at g  0:5 and the region g > 0:5 is not influenced by the base
temperature oscillation, but the convective heat transfer from the environment. For b  5, the
jump discontinuity takes place at g  0:23. Fig. 3 shows the temperature distributions for various
values of x when b  1. It can be found that the oscillation frequency does not aect the location
of the jump discontinuity. This can be explained by Eq. (28). The distance that the thermal wave
propagates depends only on the values of n and b.
Fig. 4 investigates the eect of the relaxation time b on the fin tip temperature variation, heat
transfer rate and instantaneous fin eciency. It can be found that for the short time after the
initial transient, remarkable jump discontinuity can be observed because of the finite propagation
speed of the thermal wave. The strength of the discontinuity reduces with time due to heat dif-
fusion. The non-Fourier eect is still significant when the fin performance reaches the steady state
(for n > 8). A larger value of b implies a stronger non-Fourier eect. This is quite dierent from
Fig. 3. Temperature distributions for various values of x (b 1 and n 0.5).
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most of the non-Fourier heat transfer analysis which stated that the non-Fourier heat flux model
will coincide with the Fourier heat flux model for a longer time after the initial transient [13]. The
phase dierence between the Fourier and non-Fourier results increases when the value of b is
increased. This is due to the fact that the heat flow does not start instantaneously, but grows
gradually with a relaxation time after applying a temperature gradient. As shown in Fig. 4(b), the
amplitude of the heat transfer rate variation decreases when the value of b is increased. According
to Eq. (19), the phase dierence between the heat transfer rate and the base temperature oscil-
lation will aect the fin eciency. Since this phase dierence varies with the value of b, it can be
found from Fig. 4(c) that the amplitude of the instantaneous fin eciency variation in the steady
state decreases and then increases with increasing the value of b. A physically unrealistic phe-
nomenon due to the assumption of instantaneous energy diusion can be observed in Fig. 4(b).
Fig. 4. Eects of parameter b on the fin performance (x 1): (a) fin tip temperature variation; (b) heat transfer rate; (c)
instantaneous fin eciency.
J.-Y. Lin / Appl. Math. Modelling 22 (1998) 629–640 637
The heat transfer rate for the Fourier heat flux model (b  0) will approach infinity in the limit
n! 0:
Instead of the instantaneous fin eciency, the average fin eciency will be a more meaningful
quantity in the evaluation of fin performance. When the fin performance has become steady state,
the average fin eciency over a complete cycle can be evaluated in the following
Eav  x
2p
Zx=2p
0
E dn: 29
Fig. 5 presents the eects of the relaxation time b and the frequency of the base temperature
oscillation x on the average fin eciency. It can be found that for b 1 the average fin eciency
decreases when the value of x is increased. This tendency is similar to the conventional fin
analysis using the Fourier heat flux model [1–4]. However, for a large value of b; the average fin
eciency increases when the value of x is increased. It is dierent from the conventional fin
analysis [1–4]. For a specific value of x, as the value of b is increased, the average fin eciency will
decrease to a minimum value and then increase. For the case of x  0:01, the thermal relaxation
time has little eect on the average fin eciency. This means that the Fourier heat flux model is
suitable for the analysis of fin performance when the frequency of the base temperature oscillation
is very low. As the value of x is increased, the dierence of average fin eciency between the
Fourier model (b  0) and the non-Fourier model will increase. It can be concluded that the non-
Fourier eect should be considered in the thermal analysis of a fin performance when the period
of the base temperature oscillation 2p=x is less than or equal to the thermal relaxation time b:
Fig. 5. Eects of parameters b and x on the average fin eciency.
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5. Conclusion
The non-Fourier eect on the thermal performance of a convective fin under periodic thermal
conditions is investigated numerically by using a hybrid numerical method combining the Laplace
transform and control volume methods. It is found from the present study that the hybrid La-
place transform method in conjunction with the hyperbolic shape functions solves the present
hyperbolic heat conduction problems accurately. The non-Fourier eect is found to be significant
for a short time after the initial transient. Moreover, the eect of the relaxation time is still sig-
nificant when the fin performance reaches the steady state if the frequency of base temperature
oscillation is high. This means that the conventional fin analysis using the Fourier heat flux model
will give rise to great errors when a fin is modelled under a periodic thermal condition whose
period of oscillation is less than or equal to the order of the thermal relaxation time.
Nomenclature
A amplitude of temperature oscillation
b thickness of fin
c specific heat
E instantaneous fin eciency
Eav average fin eciency
H dimensionless heat transfer coecient function
h heat transfer coecient
h0 referenced heat transfer coecient
L length of fin
‘ distance between two nodes
n total number of nodes
Q dimensionless heat flux
q heat flux
R dimensionless heat transfer rate
s Laplace transform parameter
T temperature
Tin initial temperature
t time
v propagation speed of thermal wave
x space coordinate
Greek symbols
a thermal diusivity
b dimensionless relaxation time
g dimensionless space coordinate
k thermal conductivity
l bs2  s1=2
x dimensionless frequency of base temperature oscillation
x^ frequency of base temperature oscillation
h dimensionless temperature
q density
s relaxation time
n dimensionless time
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Superscripts
) mean temperature
 Laplace transformed variable
Subscripts
b base
e environment
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